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Abstract. Interest in Conformal Field Theories and Quantum Field Theory lead physicists
to consider configuration spaces of marked points on the complex projective line, Conf0,d(P).
We investigate the moduli spaceM0,[d](C), of Riemann surfaces of genus 0, with n unordered
marked points, in the framework of real geometry. A decomposition of this moduli space,
relying on Gauss drawings - objects being reminiscent of Grothendieck’s dessin d’enfants, is
presented. The main result of the paper is that this decomposition forms a (real) topological
stratification, which can be subtly modified so as to form a good Čech cover. This approach
provides a new very rich and detailed geometric description of this space, and in the panorama
of results concerningM0,[d](C) andM0,[d](R), this approach fills in the gap between the two
different methods employed to study the real and complex part of this moduli space. The
results can be extended to calculate explicitly the Aleksandrov-Čech cohomology of braids
with values of any sheaf.
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2 N.C. COMBE
1. Introduction
Interest in Conformal Field Theories and Quantum Field Theory lead physicists to consider
configuration spaces of marked points on the complex projective line, Conf0,d(P). In this paper
we investigate a new stratification of the moduli space of Riemann surfaces of genus 0 with d
unordered marked points M0,[d], using objects which are reminiscent of Grothendieck’s dessins
d’enfant. Until now, the classical way of considering this moduli space, has been to use complex
geometry (see, for instance [22, 34, 35], to only cite a few). In this work, we propose to use a point
of view, relying on a real geometry approach. We show that this decomposition of Conf0,d(C) in
Gauss drawings (a special type of graphs) forms a topological stratification and that by modifying
slightly this stratification we can obtain a good cover in the sense of Aleksandrov-Čech, which
is interesting for considering new generators for the cohomology group of Conf0,d(C).
Moreover, such an initiative not only provides a better intuition of what is going on in this
moduli space, but also gives a very rich and detailed geometric description of this space, which
brings into light the relation between the approaches for M0,[d](C) and M0,[d](R), given until
now. Those moduli spaces are strongly connected to the space of configurations of d marked
points on the complex plane, the quotient of this configuration space by the affine group, acting
on the complex line (see [36]). Adopting this point of view, we work, mostly, on the configuration
space. In particular, we consider a Čech cover of the complement of the discriminant variety.
The theory related to the Čech cover has started in mid-twenties of the XX-th century.
Between 1925-1928, P. S. Aleksandrov [4] studied compact metric spaces. He has considered
a compact space X and a finite open cover α of X and constructed a simplicial set C(X,α),
called the nerve of the cover. After that, Aleksandrov has considered the sequences of nerves
of finite coverings [3]. In 1932 E. Čech has extended Aleksandrov’s theory to arbitrary spaces
using systems of nerves of open coverings [14]. Čech covers happen to be open contractible
covers, where the multiple intersections are contractible. A very interesting result came up by E.
Fadell [25] a few years later, connecting the configuration spaces to groups. In 1962 E. Fadell [25]
has investigated homotopy groups of configuration spaces related to the string problem of Dirac,
and with L. Neuwrith [26] investigated the configuration spaces. In the same year R.H. Fox and
L. Neuwrith [27] have shown the relation of the configuration spaces with braid groups. The
other aspects of configuration space have been considered in a lot of other papers [37, 38, 40].
The idea of considering the configuration space as a space of C-polynomials was introduced
V. Arnold [5, 6, 7]. V. A. Vassiliev has developed the works of Arnold [45, 46, 47] and found
new topological invariants [48]. The decomposition of the space of configurations of d marked
points on the complex plane has been considered for over more than fifty years [27] and has
lead to many important works [5, 12, 21, 16, 28, 32, 26, 44]. By means of a spectral sequence
V. Arnold [5, 6, 7] gives a method to calculate the integral cohomology of the braid group. An
other version was given by D. B. Fuks [28]. This version allows to have the cohomology of the
braid group with values in Z2. This latter approach was further on developed in a more general
way by F.V. Vainshtein [44] using Bockstein homomorphisms. F. Cohen [16] has considered as
well the cohomology of the braid group using another approach. Many other results followed
more recently, namely by V. Lin, F. Cohen [17, 18], Boedigheimer, Cohen and Taylor [11] A.
Goryunov [32]. The braid group Bd with d strands and the space DPold of degree d complex
monic polynomials with distinct roots are objects which are deeply connected: the space DPold
is a K(pi, 1) of fundamental group Bd. The richness of their interactions allows each object to
provide information on the other. In particular, one may use the space DPold to give a description
of braids with d strands. In very close subjects we can also cite works of De Concini, D. Moroni,
C. Procesi, M. Salvetti [21, 12]. In 1981, S. Smale [41] reconsidered the space of complex unitary
polynomials and gave a new proof of the fundamental theorem of algebra, mentioning Gauss’s
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proof. In 1992, S. Barannikov [10] restudied problems concerning this space of polynomials,
in the light of works of Gauss [29]. More precisely, he used Gauss’s approach to the study of
complex polynomials (Gauss suggests that a polynomial is uniquely determined by taking the
inverse image under this polynomial of the real and imaginary axis). Having been forgotten for
many years, a special attention has been given back to it by E. Ghys in 2016, in his book [30, 31],
whose purpose was to discuss a question of M. Kontsevitch, concerning polynomials.
One year later in 2017, N. A’Campo, introduces in [1], the idea to use combinatorics of bi-
colored forests to construct a partition of the space of complex polynomials with distinct roots.
Polynomials belong to a given “stratum” if their Gauss drawings are equivalent, in the sense
of Barannikov, see [10]. In other words, an element of the partition is a set of polynomials
indexed by an equivalence class of drawings, which is a bi-colored chord diagram σ. A “stratum”
is denoted by Aσ. In his preprint [1], he shows that a representative of an equivalence class
is a polynomial and vice versa, and proves that such an equivalence class forms a contractible
subspace of DPold.
In the present article, equivalence classes of Gauss drawings generate our construction. Each
stratum of this decomposition is indexed by an equivalence class of Gauss drawings, being a
bi-colored chord diagram, with no cycles. We prove that:
Theorem. The decomposition in Aσ forms a topological stratification.
Theorem. The thickened strata A+σ , where the σ are generic, form a Čech cover.
The cell decomposition we present turns out to have many interesting symmetries (this is
the subject of the paper [20]), where we aim at underlining the existence of polyhedral symme-
tries explicitly in the presentation. In this paper we show the existence of a good cover in the
sense of Čech which we will use, in further investigations, to calculate explicitly the cohomology
groups [19]. In a more global way, what we have in mind is a new manner of defining the gener-
ators for Γ0,[n], where Γ0,[n] is nothing but the orbifold fundamental group of the moduli space
of smooth curves of genus 0 with n unordered marked points [33, 36].
Therefore, in this paper we show that there exists a good Čech cover of DPold, where each
open element of the cover is indexed by a generic class (i.e. classes of polynomials with no critical
values on the real or imaginary axes). The present paper is organized as follows.
The section 2, we recall the notion of the Gauss drawings, and present the stratification as
well as its properties.
Section 3 is devoted to showing that this stratification is topological. In particular, we intro-
duce Whitehead moves on the equivalence classes of Gauss drawings which allow a definition of
the combinatorial closure of an elementa. An important result which follows from this section is
that the topological closure of a stratum is given by its combinatorial closure.
Section 4 is devoted to showing that the closure of a stratum is contractible and that the
multiple intersections of the closures of strata is either empty or contractible. From this, it follows
that the decomposition of DPold in decorated Gauss diagrams is a topological stratification.
A new method is introduced to show that the multiple intersections are contractible. It consists
in the superimposition of the Gauss diagrams. Using this superimposition we display a procedure
to construct the canonical graph τ , which is essential to determine whether the intersection is
empty or not. If this graph is a representant of an equivalence class of Gauss drawings, then
the intersection is non empty, otherwise, the intersection is empty. In final, we show that if the
intersection is non empty then it is contractible. The intersection is given by the union of the
closure Aτ of the stratum Aτ , where τ is the canonical graph and the closures Aρ of strata Aρ,
where ρ is obtained from τ by certain connected smoothing half-Whitehead moves. We show
that this union is contractible.
Last but not least, we show that this stratification gives a good cover in the sense of Čech.
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2. Stratification by chord diagrams
2.1. Gauss Drawings. Let us denote by DPold the space of monic degree d > 0 polynomials in
one complex variable with simple roots the sum of which is zero (Tschirnhausen polynomials).
The complex dimension of DPold is d− 1.
In the complex plane C, we choose the convention such that we color the real (resp. imaginary)
axis in red (resp.blue). The quadrants in C \ R ∪ ıR are colored respectively A,B,C,D in
trigonometric sense. The regions A and B lie in the upper half plane and the region of color A
is bounded by both positive axis, as in the figure 1.
Re
Im
AB
C D
Figure 1. Partition of the complex plane
Definition 1 (Gauss Drawings). [29, 31] Let P be a polynomial in DPold. The inverse image
under P of the union of R and ıR, is called the Gauss drawing of the polynomial P (in short
drawing), which we denote by CP .
Remark 1. One could of course consider the pre-image of R and ıR under any complex poly-
nomial P . If P has multiple roots, multiple intersections of red and blue diagonals may appear.
The reason for which we avoid this situation is due to application of the cell decomposition to
the study of the fundamental group of DPold (the d-strand Artin braid group).
Definition 2 (Codimension). Let P be a polynomial in DPold.
(1) A polynomial P with no critical values on R ∪ ıR is called generic, such a polynomial is
of codimension 0.
(2) The special critical points of P are the critical points z such that P (z) ∈ R ∪ ıR. The
local index at a special critical point z ∈ R (resp. ıR) is equal to 2m− 3, where m is the
number of red (or blue) diagonals crossing at the point z. The real codimension of P is
the sum of the local indices of all the special critical points.
Example 1. We give in figure 2 an example for the drawing of the following generic polynomial
of degree 6
We color the curves P−1(R) in red and the curves P−1(ıR) in blue. Intersections of red and
blue curves correspond to the roots of the polynomial P . Those curves intersect orthogonally,
since P is a conformal map. There exist 4d asymptotic directions givens by the 4d roots of the
unity, the colors of the rays are alternating from red to blue.
Definition 3. Two polynomials in DPold equipped with their Gauss drawings (P1, CP1) and
(P2, CP2) are in the same equivalence class if and only if there exists a diffeomorphism from
the polynomial P1 to P2 and an isotopy u of C (a continuous family of homeomorphisms of C),
such that u : σ : CP1 → CP2 preserving as well the labels and the colors of the 4d asymptotic
directions. We denote by Ud the family of such isotopy.
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Figure 2. P (z) = (z+1.54∗(0.98+i∗0.2))∗(z+0.68∗(0.98+i∗0.2))∗(z+0.4∗
(0.98 + i ∗ 0.2)) ∗ (z− 1.54 ∗ (0.98 + i ∗ 0.2)) ∗ (z− 0.68 ∗ (0.98 + i ∗ 0.2)) ∗ (z− 0.4
∗ (0.98 + i ∗ 0.2))
The restriction of u on CP1 is a graph isomorphism between CP1 and CP2 . In degree d the 4d
branches of the drawing go to infinity in the asymptotic directions 2kpi4d for k ∈ 0, ..., 4d− 1.
We have three families of intersections:
(1) The roots of the polynomials given by the intersection points of a red curve with a blue
curve. The adjacent 2-faces are respectively colored in A,B,C,D in the trigonometric
sens.
(2) The critical points z0 of P such that the critical value associated P (z0) is an imaginary,
Re(P )(z0) = 0, are given by the intersection points between the blue curves. The adja-
cent 2-faces are respectively colored in A,D,A,D, ... or B,C,B,C, ....
(3) The critical points z0 of P such that the critical value associated to P (z0) is a real,
Im(P )(z0) = 0, are given by the intersection points between the red curves. The adja-
cent 2-faces are respectively colored in A,B,A,B, ... or C,D,C,D, ... .
The drawings carry also information concerning the emplacement of the critical points and
critical values, since the critical points and critical values lie in colored regions A,B,C or D.
Definition 4. Let Au = {P ∈ DPold : CP ∈ u} be the set of polynomials with drawings in the
isotopy class u. The family {Au}u∈U partitions the space DPold. The partition of DPold into
classes will be called stratification and the set {Au}u∈Ud will be called strata.
Equivalence classes of Gauss drawings are represented by, so-called, bi-colored Gauss diagrams.
We call them bi-colored because they are a superimposition of red and blue chord diagrams, in
such a way that the end vertices on the boundary of the disc have alternating colors, (red, blue,
red, blue) and, in particular, the chords do not form any cycles.
Remark 2. Let us notice that two polynomials with different roots can have the same equivalence
class. For example, it is the case for the two following polynomials: P1(z) = z3 + (1 + ı) and
P2(z) = z3 − z(1.19 + 2.062ı) + (2 + 2.8ı). However, the polynomial P3(z) = z3 + (1 + ı)z + 1
belongs to a different equivalence class of Gauss drawings than P1(z) and P2(z).
2.2. Properties of a stratum.
Theorem 1. The equivalence classes of Σd determine a stratification of DPold in which a
equivalence class of Gauss drawings of dimension k corresponds to a cell of dimension k in
DPold.
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Proof. A decorated Gauss diagram corresponds uniquely to a drawing, a drawing describes a
region of polynomials (i.e. the set of polynomials having the same drawing) and the statement
from theorem in [1] shows that these regions are contractible. 
3. Closure of a stratum
3.1. Whitehead moves. Let σ be an equivalence class of Gauss drawings with m ≥ 2 disjoint
diagonals of the same color in the boundary of a connected component of C \ σ.
Definition 5 (Half-Whitehead move of the first type).
(1) Contraction step A half-Whitehead move of the first type on a equivalence class of
Gauss drawings σ0 is a modification of the equivalence class of Gauss drawings as follows:
choose m diagonals of the same color which occur as part of the boundary of a given cell
R, add a polygon within the cell joining their centers, and contract this polygon to a
point. This new vertex is called a meeting point. This gives a non-generic equivalence
class of Gauss drawings τ .
(2) Expansion step A smoothing half-Whitehead move of the first type on the equivalence
class of Gauss drawings τ is a modification applied to the meeting point, which is obtained
by ungluing those m diagonals, giving m disjoint diagonals. The new equivalence class
of Gauss drawings may differ from σ0.
For two diagonals in R, let us illustrate below a composition of a half-Whitehead move with
a smoothing half-Whitehead move.
Figure 3. Example of a Whitehead move (type 1)
Definition 6 (Half-Whitehead move of the second type).
(1) Edge contraction step - Consider a non-simple tree in a equivalence class of Gauss
drawings σ0 with at least two inner nodes, one arc joining them. All the edges (and
arc) of the tree are of the same color. A half-Whitehead move of the second type on a
equivalence class of Gauss drawings σ0 consists in contracting this arc to a point, glueing
the two inner nodes together.
(2) Partial expansion step - Suppose, that in a non-generic equivalence class of Gauss
drawings τ , there exists a non-simple tree. Suppose without loss of generality, that there
exists one inner node of valency 2m. A smoothing half-Whitehead move of the second
type on the equivalence class of Gauss drawings τ is obtained by un-glueing k (where
k > 0) diagonals from the inner node along an edge of the tree, giving a non-simple tree
with two inner nodes, one of valency 2(m− k) and the other one of valency 2(k + 1).
We write σ ≺ σ˜ if σ˜ is obtained by applying a contracting half-Whitehead on σ.
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Figure 4. Example of a Whitehead move (type 2)
Definition 7. Let σ0 and σ1 be equivalence class of Gauss drawings of the same codimension.
A Whitehead move δ is a modification from σ0 to σ1 obtained from the composition of a half-
Whitehead move and a smoothing half-Whitehead move on a set of m diagonals of the same
color, occurring as part of the boundary of a given cell R. Two classes Aσ0 and Aσ1 differing by
a Whitehead move are called adjacent and are denoted by Aσ0 ↔ Aσ1 .
δ :
Figure 5. Half-Whitehead move and smoothing half-Whitehead move
3.1.1. Whitehead moves on DPold. Let P ∈ DPold, explicitly: P (z) = zd + ad−1zd−1 + . . .+ a0.
We denote the critical points by r = (r1, . . . , rd) (P ′(ri) = 0) and the critical values by
v = (v1, . . . , vd−1), so that for any i there is a j such that P (ri) = vj . There are no constraints
on the ri’s and vj ’s other than vj 6= 0 (for all j) because the roots of P are assumed to be simple.
Let Vd denote the (affine) space of the v’s and recall that there is a ramified cover
piw : DPol
d
→ Vd
of degree (d)d−1 [39].
Let Cdr denote the affine space of the critical points r and let p : Cr → Cv denote the natural
map given by P (P (r) = v). Denote by c(vk) (or just c(k)) the number of distinct critical points
above vk and by m = (m1, . . . ,mc(k)) their multiplicities (mi > 1). Generically, above a point v
there is just one critical point of multiplicity 2 and d− 1 simple non critical points, i.e. c(v) = 1,
m1 = 2. We call such a point, a simple critical point.
Lemma 2. An expanding Whitehead move corresponds to smoothing out the critical value v0
in a “universal" way.
Proof. Let us work in the fiber given by pw. Now, return to a given polynomial P and its critical
values Vd. It is generic if neither v2j /∈ R nor v2j /∈ ıR for all j. Assume it is not generic and let
v0 (= vj for some j) be such that v20 ∈ R ; purely for notational simplicity, we suppose that v0
is real (rather than pure imaginary).
Let c = c(v0) be the number of distinct critical points above v0, with multiplicities m =
(m1, . . . ,mc) and denote these points (r1, . . . , rc) (here the zi’s are distinct). So, choose one of
the ri (1 6= i 6= c), and call it r0, with multiplicity m = m0. First, this is shown via holomorphic
surgery and we cannot explicitly write down a universal family in terms of the coefficients ai of
the polynomial P . However, we do know that there exists such a local universal family and that
it is biholomorphically equivalent to the one obtained by completing the polynomial (z − r0)m
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into the generic polynomial in (z − r0) of degree m near r0 (for instance, see [49], chapter 2,
paragraph 3 for more details). In other words, let ε = (ε1, . . . , εm) be complex numbers with
|εi| < ε << 1 for all i (with some ε > 0) and let
pε(z) = (z − r0)m + ε1(z − r0)m−1 + . . .+ εm .
Then, there is a biholomorphic map between the set of the ε’s (i.e. (0, ε)m), or equivalently the
family pε, and a universal family Pε(z) with P0 = P (where 0 = (0, . . . , 0)).
By varying ε, let the critical point vary into r0(ε), leading to a deformation v0(ε). The v0(ε)
has non zero derivative at ε = 0 (otherwise, the polynomial would have multiple roots, which we
exclude). By the implicit function theorem v0(ε) covers a neighborhood of v0 in the v-plane and
a half-Whitehead move is nothing but the results of what happens when v0(ε) moves into the
upper or lower half-plane. 
Lemma 3. Strata in the topological closure Aσ are indexed by equivalence class of Gauss drawings
obtained from a half Whitehead move on σ.
Proof. Let us suppose first that we apply on a generic equivalence class of Gauss drawings σ
a Whitehead move 1. Let P be a polynomial in Aσ and P˜ a polynomial in Aσ˜, where σ ≺ σ˜.
We first use the Whitehead move of first type. A half Whitehead move on σ corresponds to
a path of the critical values of P in the space of critical values. We will show that by using
a contracting half Whitehead move on σ this corresponds to defining a convergent sequence of
critical values in Cd−1w . In σ˜ the intersection point of a set of m curves of the same color lies on
a critical point ci of P˜ . Suppose that there exist I (where |I| < d) such intersections. Therefore,
for i ∈ I we have P˜ ′(ri) = 0 and Re(P˜ (ri)) = 0 (resp Im(P˜ (ri)) = 0) and the critical value
P˜ (ri) = vi ∈ ıR (resp. P˜ (ri) = vi ∈ R). So, this indicates a sequence of critical values converging
to (v1, ...., vd−1), where the subset {vi, i ∈ I} lies on the imaginary (resp. real) axes. Hence it
indicates a topological closure. Consider the case of a half-Whitehead move of type 2. In the case
of a contracting Whitehead move of type 2, the initial equivalence class of Gauss drawings σ has
a set of critical values lying on the real or imaginary axis and the contraction Whitehead move 2
operation merges a subset of those critical values together. A contracting half-Whitehead move
of type 2 corresponds to a converging sequence of critical values in the space Cd−1v and hence it
indicates a topological closure of the stratum Aσ. 
3.2. DPold as a covering of a non-compact stratified space.
3.2.1. Critical values. Consider the space Vd = (Cd−1 \ 0)/Sd−1, where Sd−1 is the group of
permutations. If X denotes an equivalence class of points in Cd−1, we can associate a unique
σ-sequence (a, b, c, d, e, f, g, h) of positive integers to X enumerating the number of points in X
in the quadrants A,B,C,D and on the semi-axes. The set of points X in Vd having a given
σ-sequence (a, b, c, d, e, f, g, h) forms a polygonal cell in Vd isomorphic to
(1) Aa/Sa ×Bb/Sb × Cc/Sc ×Dd/Sd × (R+)e/Se × (R−)/Sf × (ıR+)g/Sg × (ıR−)h/Sh.
The real dimension of this cell is equal to 2(a+ b+ c+ d) + (e+ f + g+h). The cells are disjoint
and thus form a stratification of Vd.
Definition 8. A subset V inside Cd−1/Sd−1 for d > 2 is said to be a non− compact stratification
if it is equipped with a stratification by a finite number of open cells of varying dimensions having
the following properties:
• the relative closure of a k-dimensional cell of V is a union of cells in the stratification.
• the relative closure of a k-dimensional cell of V is a “semi-closed” polytope, i.e. the
union of the interior of a closed polytope in Cd−1/Sd−1 with a subset of its faces.
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Lemma 4. Let d > 2, and let Vd denote the space Vd equipped with the stratification by σ-
sequences. Then Vd is a non-compact stratification.
Proof. The closure of the region of Vd described by 1 is given by
A
a
/Sa ×Bb/Sb × Cc/Sc ×Dd/Sd × (R+)e/Se × (R−)/Sf × (ıR+)g/Sg × (ıR−)h/Sh,
where A denotes the closure in V1 = C \ 0 of the quadrant A, namely the union of A with
R+ and ıR+, and similarly for B,C,D. The direct product of semi-closed polytopes is again a
semi-closed polytope, as is the quotient of a semi-closed polytope by a sub-group of its symmetry
group. 
Theorem 5. The map ν that sends a polynomial in DPold to its critical values realizes DPold
as a finite ramified cover of Vd.
Proof. The image of ν contains only unordered tuples of d − 1 complex numbers different from
zero, since a polynomial can have 0 as a critical value if and only if it has multiple roots.
Therefore, the image of ν lies in Vd. To show that ν is surjective, we use a theorem of R. Thom [43]
(1963), stating that given d− 1 complex critical values, there exists a complex polynomial P of
degree d such that P (ri) = vi for 1 ≤ i ≤ d − 1, where the ri are the critical points of P , and
P (0) = 0. To find a Tschirnhausen representative polynomial of DPold having the same property
it suffices to take P (z − ad−1d−1 ) where, ad−1 is the coefficient of zd−1 in P . By a result of J.
Mycielski [39], the map ν is a finite ramified cover, of degree dd−1d−1 , see [39]. 
3.3. The cases d = 2, 3, 4. The exact nature of the ramified cover DPold → Vd is complicated
and interesting, especially in terms of describing the ramification using the equivalence class of
Gauss drawings. In this section, we work out full details in the small dimensional cases, and for
generic strata.
Let d = 2. The spaces DPol2 and V2 are one-dimensional. The space V2 is C \ 0 equipped
with the stratification given by the four quadrants A,B,C,D and the four semi-axes. The
only Tschirnhausen polynomial of degree 2 having given critical value v is z2 + v, therefore the
covering map ν is unramified of degree 1, an isomorphism. The four equivalence class of Gauss
drawings corresponding to the strata of real dimensional 2 and the four corresponding to the one
dimensional strata are illustrated in figure 6.
1 2
34
Figure 6. Relations between strata for d = 2
Let d = 3. In this case the covering map ν is of degree 3: explicitly, if P (z) = z3 + az + b
has critical values v1 and v2 then so do the polynomials P (ζz) and P (ζ2z) where ζ3 = 1. The
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10 open strata of real dimension 4 in V3 are given by:
A×A/S2, B ×B/S2, C × C/S2, D ×D/S2,
A×B, A× C, A×D, B × C, B ×D, C ×D.
Ramification occurs only above the first four; in fact exactly when the two critical values are
equal, i.e. P (z) = z3 + b. Thus above each of the first four cells, there is only one stratum,
corresponding to the four rotations of the left most equivalence class of Gauss drawings (see
figure 7). In contrast, there are three distinct equivalence class of Gauss drawings above each of
0
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Figure 7. Diagrams d = 3
the remaining 6 strata. The six equivalence class of Gauss drawings in the middle of the figure 7
form two orbits under the 2pi3 rotation which lie above the cells, A× C and B ×D, whereas the
twelve equivalence class of Gauss drawings on the right form four orbits lying over the strata
A×B;B × C;C ×D;D ×A.
Let d = 4. The degree of the covering map ν is 16. There are 20 generic strata in V4. Four
generic strata correspond to taking three critical values in three different quadrants. There is
no ramification above these strata; each of these have 16 distinct strata in the preimage of ν,
corresponding to four rotations each of the fifth, sixth, eighth and eleventh equivalence class of
Gauss drawings in the figure below.
Four more cells of V4 correspond to taking three critical values in the same quadrant. Only
one stratum of DPol4 lies above each of these cells, namely, the first equivalence class of Gauss
drawings in the figure below, with ramification of order sixteen. The remaining twelve cells
correspond to two critical points in one quadrant and the third in a different quadrant. When
the quadrants are adjacent, only six cells lie above the corresponding regions of V4. For example
over the region A,A,B lie the two rotations of the second equivalence class of Gauss drawings in
the figure below with ramification of order 2, and the four rotations of the tenth equivalence class
of Gauss drawings each of ramification of order 3. The situation is analogous when the quadrants
are opposed. For example over the region A,A,C, there are the two rotations of the third figure
(below) each with ramification of order 2, and the four rotations of the ninth equivalence class
of Gauss drawings each of ramification order 3.
• All 1 classes of size 4:
• All 3 classes of size 8:
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• All 7 classes of size 16:
3.4. Combinatorial closure of a equivalence class of Gauss drawings. We write σ ≺ τ
when τ can be obtained from σ by a sequence of repeated half-Whitehead moves i.e. when τ is
incident to σ.
We call the union σ = {τ : σ ≺ τ} the combinatorial closure of σ, and we define
Aσ = ∪σ≺τAτ .
Lemma 6. Let τ be a equivalence class of Gauss drawings with a given intersection of two red
(or blue) diagonals. There are exactly two ways to smooth the intersection, which give two non-
isotopic equivalence class of Gauss drawings σ1 and σ2 such that τ is incident to both σ1 and
σ2.
Proof. Consider in a drawing a pair of curves intersecting at one point of asymptotic directions
respectively i, k and j, l. A smoothing Whitehead move applied on to those intersecting curves
either gives a pair of disjoint curves with asymptotic directions i, j and k, l; or it gives a pair
of disjoint curves with asymptotic directions i, l and k, j. Those drawings are not in the same
isotopy class, relatively to the asymptotic directions. So, their respective equivalence class of
Gauss drawings are not isotopic. 
Similarly, we have the following for contracting half-Whitehead moves.
Lemma 7. Let τ1 and τ2 be obtained from a equivalence class of Gauss drawings σ by two
different contracting half-Whitehead moves. Then τ1 and τ2 are different.
Proof. Let τ1 and τ2 be obtained from a equivalence class of Gauss drawings σ from two different
half-Whitehead moves. Two contracting half-Whitehead moves are different if they operate on
different sets of curves. Let us consider m1 (resp. m2) curves of asymptotic directions i1, ...i2m1
(resp. j1, ...j2m2). A Whitehead move on those curves induces a graph which resembles a
star shaped tree with edges of asymptotic directions i1, ...i2m (resp.j1, ...j2m2). This gives the
equivalence class of Gauss drawings τ1 (resp. τ1). Clearly τ1 can not be isotopic to τ2. 
Recall that the smoothings of an intersection were defined in definition 5, and can be of two
types: the first separates the intersections of curves into more than one connected component
and the second type does not.
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Lemma 8. Let τ be a equivalence class of Gauss drawings with a given red (or blue) intersection
of m > 2 curves. The smoothings of τ obtained by smoothing a single half-Whitehead move, i.e.
the smoothings which are of dimension 1 greater than τ , are all distinct.
Proof. Locally, around the intersection, the graph resembles a star shaped tree with one inner
node and 2m leaves which we can number 1, .., 2m. The possible smoothings are as follows. Of
the first type, we can separate i, i+ 1 mod m from the tree as a separate diagonal; the resulting
graphs are non-isotopic. Of the second type, we add an inner edge separating the leaves into two
disjoint groups ; these are clearly non-isotopic, nor are they isotopic to the previous ones as they
are locally connected. 
Lemma 9. Let τ be a equivalence class of Gauss drawings of codimension k with a given red (or
blue) intersection of m > 2 curves. Then there exists Cat(m) distinct equivalence class of Gauss
drawings which are smoothings of τ and of codimension (k − (2m− 3)) obtained by a smoothing
half-Whitehead moves, where Cat(m) is the mth-Catalan number.
Proof. Ungluing those m curves gives m disjoint curves in a regular 2m-gon and the number of
such possibilities is given by the mth-Catalan number (see [42]). 
3.5. Topological closure of a stratum.
Lemma 10. Let τ be a non-generic equivalence class of Gauss drawings and let Aτ be the
corresponding strata of DPold. Let P0 ∈ Aτ . Then for every generic equivalence class of Gauss
drawings σ such that τ is incident to σ, every 2d-dimensional open ball B containing P0 inter-
sects the generic stratum Aσ.
Proof. Suppose that there exists a generic equivalence class of Gauss drawings σ which does not
verify that B containing P0 intersects the generic stratum Aσ. Then there does not exist any
path from a point y ∈ Aτ to x ∈ Aσ. Therefore Aσ and Aτ are disjoint. In particular this impies
that Aτ is not in the closure of Aσ. So, τ is not incident to σ. 
Lemma 11. Let σ be a generic equivalence class of Gauss drawings and let τ 6= σ. Then τ is
incident to σ if and only if the following holds: for every pair of points x, y ∈ DPold with x ∈ Aσ
and y ∈ Aτ , there exists a continuous path γ : [0, 1] → DPold such that γ(0) = x, γ(1) = y and
γ(t) ∈ Aσ for all t ∈ [0, 1). Any other such path ρ from a point x′ ∈ Aσ to a point y′ ∈ Aτ is
homotopic to γ.
Proof. The result follows from Lemma 10. Indeed, if τ is incident to σ then by Lemma 1, a ball
around y ∈ Aτ necessarily intersects Aσ and therefore there is a path from y to a point x′ ∈ Aσ.
Composing this with a path from x′ to x in Aσ we obtain γ. Conversely, if there is a path γ
from x ∈ Aσ to y ∈ Aτ , then it is impossible to have an open ball containing y that does not
intersect Aσ. 
We return to the original polynomials in order to define half-Whitehead moves in an analytic
and then topological fashion.
Lemma 12. A contracting half-Whitehead move which takes a equivalence class of Gauss draw-
ings σ to an incident equivalence class of Gauss drawings τ induces a retraction of the stratum
Aσ onto the boundary stratum Aτ .
Proof. From the above discussion it follows that we can construct the retraction locally near Aτ ;
then we extend it to the whole of Aσ using the contractibility of this stratum. 
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Proposition 13. If σ is a equivalence class of Gauss drawings, the closure Aσ of the stratum
Aσ in DPold is given by
Aσ = ∪τ∈σAτ ,
where the boundary of σ denoted σ consists of all incident equivalence class of Gauss drawings
τ .
Proof. One direction is easy. Indeed, if x ∈ Aτ where τ is incident to σ then every 2d-dimensional
open set containing x must intersect Aσ, so ∪τ∈σAτ ⊂ Aσ.
For the other direction, let x ∈ Aσ \Aσ and let τ be the equivalence class of Gauss drawings
of x. We first note that the dimension of τ can not be equal to the dimension of σ because if
they were equal, Aτ would be an open stratum disjoint from Aσ.
Therefore the dimension of τ is less than the dimension of σ. Let U be any small open
neighborhood of x. Let y ∈ U ∩Aσ and let γ be a path from y to x such that γ \ x ⊂ Aσ. Then
every point z ∈ γ \ x has the same equivalence class of Gauss drawings σ. Using theorem 5, any
path from the interior to any point not in Aσ must pass through the boundary of the polytope.
Therefore any sequence of half-Whitehead moves and smoothings from σ to τ must begin with
half-Whitehead moves bringing σ to a equivalence class of Gauss drawings that is incident to σ.
But x is the first point on γ where the equivalence class of Gauss drawings changes and therefore
τ must be incident to σ. 
Lemma 14. The set of equivalence class of Gauss drawings incident to a generic equivalence
class of Gauss drawings σ is equal to the set of equivalence class of Gauss drawings τ such that
(i) Pσr ⊂ P τr and Pσb ⊂ P τb (with at least one of the containments being strict),
(ii) the set of paths (i, j) in τ for the pairs in Pσr (resp. those for (k, l) in Pσv ) intersect only at
isolated points (no shared segments).
Proof. Performing a half-Whitehead move on a equivalence class of Gauss drawings can never
eliminate a pair but can only add pairs, which shows that if τ is incident to σ then (i) holds.
Furthermore, half-Whitehead moves cause the arcs of σ to cross only at isolated points.
Conversely, suppose that (i) and (ii) hold for τ . Consider the red forest of τ . We claim that
the set Pσr provides a recipe for smoothing the red forest of τ to obtain the red forest σ (and
subsequently the blue using Pσb ), as follows.
Let us use the term “short arcs” for arcs joining two neighboring (even for red, odd for blue)
points on the circle. We start with the short arcs, joining pairs of the form (i, i + 2) in Pσr .
Because the paths cross only at points, smoothing the path (i, i + 2) by separating it off from
the rest of the red forest of τ eliminates only paths from i or i + 2 to the other points; paths
between all the other pairs of P τr remain. We then erase the arcs (i, i+ 2) from the equivalence
class of Gauss drawings and now treat the “new” short arcs (those from Pσr joining points j,
j + 6) separating them from the rest of the tree, then erase those and continue in the same way.
The final result reduces the red forest of P τr entirely to a set of d disjoint pairs, endpoints of red
arcs, which is equal to Pσr since they all belong to Pσr . This proves that any equivalence class of
Gauss drawings τ satisfying (i) and (ii) can be smoothed to σ. 
4. Good cover of DPold
4.1. Contractibility of a stratum.
Theorem 15. Let σ be a generic equivalence class of Gauss drawings. Then, the topological
closure Aσ of the stratum Aσ is contractible.
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Proof. First, we construct a deformation retract from Aσ onto Aσ. Secondly, by Theorem 1, we
use the fact that Aσ is a cell, i.e. homeomorphic to the k dimensional open ball.
We proceed by induction on the codimension of the incident stratum, to Aσ. Take a polyno-
mial, lying in a stratum of codimension 1. Then, in the equivalence class of Gauss drawings, there
exists a (critical) point r0 which lies at the intersection of two blue (red) curves. The neighbor
of this point corresponds to a germ of type (z2, 0). Now, we define the deformation retract from
Aτ to Aσ, using the local universal smoothing of critical points (Lemma 2). In the neighborhood
of the critical point r0, the following modification occurs: let ε = (ε1, ε2) be complex numbers,
we have:
Pε(z) = (z − r0)2 + ε1(z − r0) + ε2 .
This defines a smoothing of the critical point, and is homeomorphic to (0, ε)2, which is con-
tractible. We consider only the smoothing giving the topological stratum Aσ. Suppose that
for any (k − 1)-dimensional stratum Aτ(k−1) , incident to Aσ, this deformation retract exists.
Now, let us prove that there exists a deformation retract from a k dimensional stratum, incident
to the previous one, onto Aσ. Take a polynomial in the (k)-dimensional stratum Aτ(k) , which
is incident to Aσ and consider a point within the equivalence class of Gauss drawings of τ (k),
which is the intersection of m blue (red) curves. One important remark is that any path from
a (j)-dimensional stratum Aτ(j) to Aσ, (such that σ ≺ τ (j)), is continuous. The intersection
of m blue (red) curves corresponds, locally, to a germ of type (zm, 0), where z ∈ C. Now,
we use the local universal smoothing of critical points. Let r0 be a critical point of the poly-
nomial P belonging to this cell. Then, in the neighborhood of r0, the Taylor expansion gives
P (z) = P (r0) + P ′(r0)(z − r0) + P ′′(z0)(z − r0)2Q + ..., where Q is a constant. If the critical
point r0 is of multiplicity m then, we have locally P (z) = v + (z − r0)mR, where v = P (r0) is a
critical value, different from 0 and R is a constant. Completing the polynomial (z − r0)m into
the generic polynomial in (z − r0) of degree m near z0 such that ε = (ε1, . . . , εm) are complex
numbers with |εi| < ε << 1 for all i (with some ε > 0) we have:
Pε(z) = (z − r0)m + ε1(z − r0)m−1 + . . .+ εm .
An important point is that the space of deformation parameters, which is homeomorphic to
(0, ε)m is contractible. Note that we chose the subset of parameters (0, ε)m giving k− (2m− 3)-
dimensional strata, incident to Aσ.
More generally, this argument can be applied simultaneously to all the critical points lying
on intersecting curves of the same color within a equivalence class of Gauss drawings. So, this
defines a deformation retract from any codimension k stratum, incident to Aσ, to Aσ.
Now, by Theorem 1 we know that a stratum is a cell. So, adding the disjoint incident strata
of Aσ (of codimension 1) is equivalent to glueing a finite number of disjoint subsets of the
boundary of the open ball which, by the above argument, is contractible. Therefore, adding the
codimension 2 strata is homeomorphic to adding disjoint open subsets of the boundaries of the
open subsets added in the previous step, which again remains contractible, and the same holds
until all strata have been added. Altogether, we see that the closure Aσ is homeomorphic to the
open ball together with a subset of its boundary and that it forms a contractible set. 
This proof easily adapts to give the following result.
Corollary 16. Let σ be any equivalence class of Gauss drawings and let σ˜ be a subset of σ. Let
Aσ˜ be the union of Aρ with ρ in σ˜. Then, Aσ˜ is contractible.
4.2. Multiple intersections. In this section we will use the diagrams instead of equivalence
class of Gauss drawings for simplicity. The 4d roots of the unity are ordered in the trigonometric
sens, those vertices are called terminal vertices.
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4.2.1. Admissible superimposition of diagrams. The idea is to superimpose diagrams σ0, ..., σp
such that terminal vertices
√
14d coincide and to apply contractions on the non identical diago-
nals, as follows.
Let σ0, . . . , σp be generic equivalence class of Gauss drawings and let Θ denote their superim-
position. This superimposition is not well-defined as the diagonals of the different equivalence
class of Gauss drawings can be positioned differently with respect to each other, since the di-
agonals of each equivalence class of Gauss drawings are given only up to isotopy, but we will
consider only those having the following properties:
(1) all intersections are crossings (but not tangents) of at most two diagonals,
(2) the superimposition Θ cuts the disk into polygonal regions; we require that no region is
a bigon,
(3) the number of crossings of a given diagonal with other diagonals of Θ must be minimal,
with respect to a possible isotopy. We take representatives of isotopy classes of arcs.
We call such superimpositions admissible.
Lemma 17. Let σ0, . . . , σp be generic equivalence class of Gauss drawings. If there exists no
superimposition Θ with the property that one diagonal has more than p + 1 intersections with
diagonals of the opposite color then there is no equivalence class of Gauss drawings τ incident to
all the σi.
Proof. The key point is the following. If σ0, ..., σp admit a equivalence class of Gauss drawings τ
incident to all of them, then τ has the following property: every segment of the tree τ (a segment
is the part of an edge contained between two vertices, including terminal vertices) belongs to
at most one diagonal (i, j) of each σi. Thus, in particular, each segment can be considered as
belonging to at most p+ 1 diagonals, one from each σi. Thus, if a red diagonal of τ crosses p+ 2
or more blue diagonals in the superimposition, there is no one segment of τ which can belong to
all of them, so the red diagonal will necessarily cross more than one blue segment of τ , which is
impossible. 
We will say that the set of equivalence class of Gauss drawings σ0, . . . , σp is compatible if it
admits an admissible superimposition Θ with the property that no diagonal crosses more than
p + 1 diagonals of the opposite color. (Note that a red diagonal (i, j) can never cross a blue
diagonal (i′, j′) in more than one point.) Compatible sets of generic equivalence class of Gauss
drawings may potentially have non-empty intersection. We will now show how to give a condition
on Θ to see whether or not this is the case.
4.2.2. Graph associated to an intersection of generic equivalence class of Gauss drawings. Let
σ0, . . . , σp be a set of compatible generic equivalence class of Gauss drawings and let Θ be an
admissible superimposition. Then Θ cuts the disk into polygonal regions. Color a region red
(resp. blue) if all its edges are red (resp. blue); the intersecting regions are purple. Construct a
graph from Θ as follows : place a vertex in each red or blue region (but not purple) with number
of sides greater than three. If two vertices lie in blue (resp. red) polygons that meet at a point,
join them with a blue (resp. red) edge (even if this edge crosses purple regions). If two vertices
lie in blue (resp. red) polygons that intersect along an edge of the opposite color, connect them
with a blue (resp. red) edge. If two vertices lying in the same red (resp. blue) polygon can
be connected by a segment inside the polygon which crosses only one purple region, add this
segment. Connect each vertex to every terminal vertex lying in the same red (resp. blue) region,
and also to any terminal vertex which can be reached by staying within the original red (resp.
blue) polygon but crossing through a purple region formed by two blue (resp. red) diagonals
emerging from that terminal vertex. Finally, if any vertex of the graph has valency 2, we ignore
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this vertex and consider the two emerging edges as forming a single edge. We call this graph the
graph associated to the superimposition.
Lemma 18. The graph associated to Θ is independent of the actual choice of admissible super-
imposition Θ.
Proof. Let Θ and Θ′ be admissible superimpositions, and consider a given diagonal (i, j). By the
admissibility conditions the number of crossings of (i, j) with diagonals of the other color is equal
in Θ and Θ′, and in fact the set of diagonals of the other color crossed by (i, j) is identical in Θ
and Θ′ . Therefore, the only possible modifications of the Θ is to move (i, j) across an intersection
of two diagonals of the other color. But this does not change the associated graph. 
Definition 9. The canonical graph associated to a set of compatible equivalence class of Gauss
drawings σ0, . . . , σp is the graph associated to any admissible superimposition Θ.
4.2.3. Definition of compatible equivalence class of Gauss drawings.
Theorem 19. Let σ0, . . . , σp be generic equivalence class of Gauss drawings. Then there exists
a equivalence class of Gauss drawings incident to all the σi if and only if the set σ0, . . . , σp is
compatible and the associated canonical graph is a equivalence class of Gauss drawings.
Proof. Replacing a blue (or red) polygon by a graph having the shape of a star as in the construc-
tion above involves diagonals of the different σi which must be identified if we want to construct
a common incident equivalence class of Gauss drawings. The contracting moves may be stronger
than strictly necessary (i.e. the equivalence class of Gauss drawings τ may not be the equivalence
class of Gauss drawings of maximal dimension in the intersection), but any equivalence class of
Gauss drawings in the intersection must either have the same connected components as τ , i.e.
be obtained from τ by applying only smoothing half-Whitehead moves which do not increase the
number of connected components of τ (we call these smoothings connected smoothings), or lie in
the closures of these. Thus, up to such smoothings, the moves constructing τ are necessary in
order to identify the diagonals of the σi.
The contracting moves in the construction of the graph associated to Θ, restricted to just
one of the equivalence class of Gauss drawings σi, has the effect of making a contracting half-
Whitehead move on the blue (resp. red) curves of this equivalence class of Gauss drawings. Thus,
on each of the equivalence class of Gauss drawings, the graph construction reduces to a sequence
of contracting half-Whitehead moves. Thus the σi possess a common incident equivalence class
of Gauss drawings if and only if τ is such a equivalence class of Gauss drawings. 
Theorem 20. Let Aσ0 , ..., Aσp be closures of strata in DPold corresponding to generic equiva-
lence class of Gauss drawings σ0, . . . , σp, and assume that these admit a non empty intersection
I. Then the equivalence class of Gauss drawings σi are compatible, and admit a canonical equiv-
alence class of Gauss drawings τ , and I is given by the union of the closure Aτ of the stratum
Aτ and the closures Aρ of strata Aρ where ρ is obtained from τ by certain connected smoothings.
The intersection I is contractible.
Proof. Since I is non-empty, by Theorem 19 the σi are compatible and their canonical graph
is a equivalence class of Gauss drawings τ . Therefore, the closure of Aτ lies in I. As we saw
in the first part of the proof of Theorem 19, any equivalence class of Gauss drawings ρ in the
intersection must either have the same connected components as τ , i.e. ρ must be obtained from
τ by connected smoothings (but not all possible connected smoothings will give a stratum in the
intersection), or be incident to such a equivalence class of Gauss drawings.
Let B be the union of the strata Aρ for those equivalence class of Gauss drawings ρ which
are obtained from τ by connected smoothings and such that Aρ lies in the intersection I. We
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will show that B is contractible, and then that the closure B is contractible. By the above
observation, B is equal to I, so this will prove the theorem.
To show that B is contractible we first make the following observation. Let σ any non-generic
equivalence class of Gauss drawings, and Cσ be the union of σ with all equivalence class of Gauss
drawings obtained from σ by smoothing. Then Cσ is an open neighborhood of Aσ of dimension
2d, which retracts onto Aσ. By lemma 12, this retraction is induced by the contracting half-
Whitehead moves on all the strata of Cσ, different from σ.
Let Bσ denote the subset of Cσ, consisting of only the strata obtained from σ by connected
smoothings. Then Bσ is contractible because it is a subset of the contractible neighborhood Cσ
such that the retraction of Cσ onto Aσ preserves Bσ; thus the restriction of the retraction from
Cσ to Bσ remains a retraction.
This shows that B = Bτ is contractible.
Let us show that the closure B remains contractible. By Proposition 13, the closure consists
in the union of B with all strata incident any stratum in B. Observe that if µ is such a stratum,
there is a unique stratum ρ in B such that µ is obtained from ρ only by non connected contracting
half-Whitehead moves. Indeed, connected and non connected contractions commute, so that if
µ is obtained from any stratum ρ′ by a sequence of contracting half-Whitehead moves, we can
perform first all those that are connected, obtaining ρ, and then those that are non-connected.
Let ρ˜ denote the union of ρ with all of its incident strata µ obtained by sequences of non-
connected half-Whitehead moves. Then, as in corollary 16, ρ˜ retracts onto ρ. Thus, B retracts
onto B, which is contractible by the previous argument. Therefore, B is contractible. 
4.3. Superimposition of equivalence class of Gauss drawings. Let σ0 ∪ · · · ∪ σp be com-
patible generic equivalence class of Gauss drawings and Θ denote an admissible superimposition.
In this subsection, we digress briefly in order to give a visual description of the conditions on the
superimposition Θ for the associated graph to be a equivalence class of Gauss drawings. In fact,
it is quite rare for equivalence class of Gauss drawings to intersect. Almost always the canonical
graph will not be a equivalence class of Gauss drawings. Given a red polygon and a blue polygon
of Θ, they must either be disjoint or intersect in one of exactly four possible ways:
• the intersection is a three sided polygon with two red (resp. blue) edges and one blue
edge (resp. red);
• The intersection is a four sided polygon with two red and two blue edges;
• The intersection is two triangles joined at a point, formed by two crossing blue (resp.
red) diagonals, cut transversally on either side of the intersection by two red (resp. blue)
diagonals; note that this means that two polygons of the same color meet at a point and
both intersect the polygon of the other color;
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• The intersection is a point at which two blue diagonals and two red diagonals all cross
in the cyclic order red, red, blue, blue, red, red, blue, blue; note that this means that in
fact four polygons meet at a point, each being the same color as the opposing one.
From such a disposition of diagonals, we obtain the graph described above. The graph must be
a forest with even valency at every non-terminal vertex.
In the following we show how to construct a canonical graph from the superimposition of a
red and a blue polygon, using the second superimposition above.
Figure 8. Admissible superimposition
4.4. Thickening of strata. We know that (Aσ)σ∈Σd is a cell decomposition of DPold. Let
K be the associated simplicial complex, K′′ the simplicial complex obtained from the double
barycentric subdivision of K. According to classical topological methods (see Cerf [15]), we
introduce a smooth tubular neighborhood around each stratum. Then, each thickened stratum
A+σ of equivalence class of Gauss drawings σ is an open set such that Aσ is a deformation retract
of A+σ . This open set is given by:
A+σ = Aσ
⋃
s′′∈K′′|s′′|∩Aσ 6=∅
int(s′′).
Figure 9. Canonical graph
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Theorem 21. Let ΣGd be the set of generic equivalence class of Gauss drawings of DPold. Then,
the cover U = {A+σ }σ∈ΣGd , is good in the sense of Čech.
Proof.
(1) The thickening A+σ smoothly retracts onto Aσ. By Theorem 15 it follows that Aσ is
contractible. Therefore, A+σi is contractible.
(2) The multiple intersections ∩pi=1A+σi are given by ∩pi=1(Aσi ∪s′′∈K′′|s′′|∩Aσi 6=∅ int(s
′′)). Us-
ing the Theorem 20 the intersections of the closures of strata are either empty or con-
tractible. So, the multiple intersections ∩pi=1A+σi are either empty or contractible. We
have thus a good cover in the sense of Čech of the space DPold.

5. Conclusion
We have proved that the stratification in equivalence class of Gauss drawings induces a good
cover of DPold, in the sense of Čech. This statement has been shown in four main steps. A first,
necessary argument, was to prove that a stratum is a cell and that its closure is contractible.
As a result of this theorem: we showed that the decomposition of DPold in equivalence class of
Gauss drawings is a topological stratification. Concerning the closure of a stratum an important
result has been to establish its strong relation to its combinatorial closure. In particular, the
topological closure Aσ of Aσ is explicitly given by all the incident equivalence class of Gauss
drawings to σ (i.e all the equivalence class of Gauss drawings differing from σ by a contracting
half-Whitehead move).
A second important argument was to consider multiple intersections of the closures of strata
and to show that it is either empty or contractible. This was done by introducing a new method
consisting in the superimposition of the equivalence class of Gauss drawings (drawn as diagrams).
Using this superimposition a procedure has been displayed to construct the canonical graph τ ,
which is essential to determine whether the intersection is empty or not. If this graph is a
equivalence class of Gauss drawings then the intersection is non empty, otherwise the intersection
is empty.
The third part consisted in proving that if the intersection of the closures is non-empty then
it is contractible. This intersection is given by the union of the closure Aτ of the stratum Aτ
where τ is the canonical graph and the closures Aρ of strata Aρ where ρ is obtained from τ by
certain connected smoothings. We have shown that this union is contractible.
Finally, using classical methods of topology we constructed a smooth tubular neighborhood
around each stratum. These thickened strata are open and contractible. Moreover, their multiple
intersections are contractible. Therefore, we have constructed a good cover in the sense of Čech.
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